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We investigate the influences of the electron-phonon interaction on the transport properties of
one quantum-dot system with a side-coupled Majorana zero mode (MZM). Our calculation results
show that at the zero-temperature limit, the MZM-governed zero-bias conductance value can be
magnified, dependent on the interplay between electron-phonon interaction and dot-MZM coupling.
In the case of finite temperature, the electron-phonon interaction makes leading contributions to
the suppression of the magnitude of zero-bias conductance, but the effect is different from the case
of electron tunneling without MZM. We believe that this work can be helpful for understanding the
signature of the MZM in electron transport through mesoscopic circuits.
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INTRODUCTION
Following the successful fabrication of graphene,
materials with topological nature have attracted
enormous attentions in the field of condensed mat-
ter physics[1]. And topological insulators, semimet-
als, and superconductors have been achieved in ex-
periments, accompanied by the clarification of their
leading physics properties. It is well-known that the
edges of topological superconductors host localized
zero-energy excitations that are commonly referred
to as Majorana zero modes (MZMs)[2]. These zero
modes can be used to implement the fault-tolerance
topological quantum computation due to their non-
Abelian statistical characteristics[3–5]. During the
past years, these favorable characteristics have mo-
tivated intense searches for systems which can
achieve such excitations. The first candidate is
the superconducted one-dimensional semiconduct-
ing nanowires due to proximity effect[6–9], which
have then been realized experimentally with the ap-
pearance of MZM’s signature[10–12]. After then,
lots of other schemes have been proposed to gener-
ate the MZMs. One is to realize the MZMs in the
ferromagnetic quantum chain by laying it on the su-
perconductor surface[13]. The other scheme is to
build the vertex of the a topological superconductor
of the Bi2Te3/NbSe2 heterostructure[14, 15]. Re-
cently, the MZM has been observed inside a vortex
core on the superconducting Dirac surface state of
the iron-based superconductor FeTe0.55Se0.45[16].
The experimental reports inspire theoretical re-
searchers dedicated themselves to the further in-
vestigation about the physics properties of MZMs.
And a large number of interesting phenomena
have been demonstrated, such as the resonant An-
dreev reflection[17, 18], the special crossed Andreev
reflection[19], the fractional Josephson effect[20–27],
as well as the nonlocality of MZMs[28]. Based on
these results, new proposals have been suggested
from different aspects to differentiate the signals of
MZMs from the peaks of the quantum transport
spectra. Moreover, MZMs are considered to couple
with the regular bound state formed by one quan-
tum dot (QD) to study the interplay between these
two bound states[29–37]. For instance, if one QD
is considered to insert in the Andreev-transport cir-
cuits based on the coupling between metal lead and
topological superconductor, the nonlocality of the
MZMs can be well observed. It has also been re-
ported that when the QD-based circuit is laterally
coupled with one MZM, the conductance through
the QD is influenced by inducing the sharp decrease
of the conductance by a factor of 12 [35, 36]. Similar
results can be observed when the QD is in the Kondo
regime. Namely, the QD-MZM coupling reduces the
unitary-limit value of the linear conductance by ex-
actly a factor 34 [37]. These results have also been
viewed as promising ideas for detecting the MZMs
in experiments.
Despite the existed works to describe the proper-
ties of MZMs, the experimental observations exhibit
difference from the theoretical expectations, even if
the simplest resonant Andreev reflection[38]. One
important reason is that decoherence effects, An-
dreev bound states, or the additional factors make
their contributions to the formation of MZMs, as
well as the MZM-assisted quantum transport pro-
cesses. In view of these facts, researchers have begun
to pay attention to the detailed roles of decoherence
effects in modulating the MZM-assisted transport
behaviors[39, 40]. However, these existed investiga-
tions are not enough to present the comprehensive
influences of decoherence mechanisms. Also, it is
known that the decoherence effects, especially the
electron-phonon (e-ph) interaction, play important
roles in modulating the conventional Andreev reflec-
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FIG. 1: Illustration of one single-QD system with cou-
pled Majorana bound states. The e-ph interaction takes
place in QD region. The Majorana bound states (MBSs)
are supposed to form at the ends of the nanowire with
spin-orbit coupling which adheres to the s-wave super-
conductor. The MBSs are labeled as η1 and η2, respec-
tively.
tion and Josephson current[41–43]. Therefore, in the
present work, we would like to investigate the influ-
ence of such a typical decoherence effect, i.e., the
e-ph coupling, on the transport properties of one
QD system with a side-coupled MZM, by assuming
it to occur in the QD region. After calculation, we
see that at the zero-temperature limit, the zero-bias
conductance value can be magnified by the e-ph in-
teraction, differently from the case of zero MZM.
This is exactly dependent on the interplay between
e-ph interaction and QD-MZM coupling. Instead, at
the case of finite temperature, the e-ph interaction
makes contributions to the suppression of the magni-
tude of zero-bias conductance. We believe that this
work can be helpful for understanding the signature
of the MZM in the presence of decoherence.
MODEL AND FORMULATION
Our considered QD structure with e-ph interac-
tion is illustrated in Fig.1. Two leads couple via
the QD which suffers from the local e-ph interaction.
Besides, one Majorana bound state (MBS) is consid-
ered to couple to the QD laterally. Its Hamiltonian
can be written as H = Hleads+Hph+HM+HD+HT .
The first two terms represent the noninteracting
electron gas in the leads and the phonon mode, re-
spectively. They take the forms as
Hleads =
∑
αk
εαkc
†
αkcαk, Hph = ω0a
†a. (1)
c†αk (cαk) is the operator to create (annihilate) an
electron in state |k〉 of lead-α (α = L,R). εαk is
the corresponding level. ω0 is the frequency of the
single-phonon mode (Einstein model), and a† (a) is
the phonon creation (annihilation) operator. Ac-
cording to the previous works, such an assumption
is feasible, since the LO-mode phonon makes the
leading contribution in the QD[44–46]. HM denotes
the Hamiltonian of coupled MBSs. The low-energy
effective form reads
HM = iMη1η2, (2)
which describes the paired MBSs generated at the
ends of the nanowire and coupled to each other by an
energy M ∼ e−l/ξ, with l being the wire length and
ξ the superconducting coherent length[47]. Next,
HD = [εd + γ(a
† + a)]nd. (3)
nd = d
†d and d† (d) is the electron creation (annihi-
lation) operators of QD, and εd is the single-energy
level of the QD. γ is the coupling constant between
the QD electron and phonon mode. The last term
describes the couplings of the QD to the MBS and
the leads:
HT = (λd− λ∗d†)η1 +
∑
αk
Vαkc
†
αkd + h.c.. (4)
λ is the coupling coefficient between the QD and
MBS. Vαk denotes the coupling between the QD and
the leads, whose magnitude is determined by the
overlap of the wavefunctions in the QD and leads.
In the presence of bias voltage applied between
the leads, the chemical potentials of them can be
written as µL = εF +
eVb
2 and µR = εF − eVb2 (εF is
the Fermi level at equilibrium and can be assumed to
be zero). And then, the quantum transport through
this system will be driven. The current flow in lead-
α can be evaluated by means of the nonequilibrium
Green function technique[48]. Via a straightforward
derivation, we obtain the expression of the current
in one lead, e.g., lead-L[49]:
JL =
e
h
∫
dω[TLRee (ω)(f
L
e −fRe )+TLLeh (ω)(fLe −fLh )].
(5)
fαe and f
α
h are the Fermi distributions of the elec-
tron and hole in lead-α, respectively. Tαα
′
ee (ω) =
Tr[ΓαeG
RΓα
′
e G
A] and Tααeh (ω) = Tr[Γ
α
eG
RΓαhG
A],
where GR and GA are the related and advanced
Green functions. Γαe denotes the coupling ma-
trix between the QD and leads and Γαh is its
hole counterpart, which are defined by Γαe(h) =
2pi
∑
k |Vαk|2δ(ω∓εαk). Within the wide-band limit
approximation, there will be Γαe = Γ
α
h = Γ
α. More-
over, in the symmetric-coupling case where Γα = Γ,
we can simplify the current formula in this structure
as
J =
e
2h
∫
dωΓAd(ω)(f
L
e − fRe ), (6)
3with Ad(ω) = i(G
R
d − GAd ) = i(G>d − G<d ). G>d and
G<d are the greater and lesser Green functions, re-
spectively.
The next step for calculating the current is to
figure out the Green functions involved. Due to
the existence of e-ph interaction, the Hamiltonian
should be managed first. In addition to the Born ap-
proximation, one feasible method is the well-known
canonical transformation[50–54], which is performed
as H = eSHe−S by defining S = γω0 d†d(a†−a). Via
this transformation, the Hamiltonian can be divided
into two independent parts, i.e, H = Hel + Hph.
And the e-ph interaction can be discussed by only
focusing on Hamiltonian of the dressed electron, i.e.,
Hel. It is expressed as Hel =
∑
αk
εαkc
†
αkcαk + ε˜dd˜
†d˜+
(λ˜d˜− λ˜∗d˜†)η1 +
∑
αk
V˜αkc
†
αkd˜+ h.c. with ε˜d = εd− gω0
and g = γ
2
ω20
. λ˜ = λX and V˜αk = VαkX are the
dressed MZM-QD and QD-lead couplings with X =
exp [− γω0 (a† − a)]. One can then understand that
the e-ph interaction is manifested as the shifted QD
levels and the QD-MZM(lead) couplings. X arises
from the canonical transformation of the particle op-
erator eSde−S = d˜X. This reveals that the interac-
tion between the electron in the QD and the phonon
mode results in an effective phonon-mediated cou-
pling between the QD and leads. As in dealing with
the localized phonon mode in this work, it is rea-
sonable to replace the operator X with its expecta-
tion value, i.e., 〈X〉 = exp[−g(Nph + 12 )], where Nph
is the phonon population, and can be expressed as
Nph = [exp(βω0) − 1]−1 with β = 1/kBT . Mean-
while, as the operator X is replaced by its expecta-
tion value, the interacting lesser Green function may
be separated
G<d (t) = i〈d†d(t)〉 = i〈d†eiHeltde−iHelt〉
〈X†eiHphtXe−iHpht〉
= G˜<d (t)e
−Φ(−t), (7)
and similarly G>d (t) = −i〈d(t)d〉 = G˜>d (t)e−Φ(t).
G˜
<(>)
d (t) is the lesser (greater) Green function
for the electron governed by Hel. The factor
e−Φ(∓t) originates from the trace of the phonon
parts 〈X†X(t)〉ph or 〈X(t)X†〉ph, in which Φ(t) =
g[Nph(1− eiω0t) + (Nph + 1)(1− e−iω0t)].
Using the identity e−Φ(−t) =
∑∞
l=−∞ Lleilω0t, the
greater and lesser Green functions can be respec-
tively expanded as
G>d (ω) =
∞∑
l=−∞
LlG˜>d (ω − lω0)
G<d (ω) =
∞∑
l=−∞
LlG˜<d (ω + lω0), (8)
where the index l stands for the number of
phonons involved and Ll are the coefficients, de-
pending on temperature and the strength of e-
ph interaction. At finite temperature, Ll =
e−g(2Nph+1)elω0β/2Jl(2g
√
Nph(Nph + 1)), where Jl
is the complex-argument Bessel function. And at
zero temperature, Ll is given by
Ll =
{
e−ggl/l! (l ≥ 0),
0 (l < 0).
(9)
Thus the spectral function can be expressed as
Ad(ω) =
∞∑
l=−∞
iLl[G˜>d (ω−lω0)−G˜<d (ω+lω0)]. (10)
By means of the equation of motion approach, the
retarded Green function for the dressed electron and
hole can be evaluated as
G˜Rd (ω) =

g˜e(z)
−1 0 λ˜∗ 0
0 g˜h(z)
−1 −λ˜ 0
λ˜ −λ˜∗ gM (z)−1 −iM
0 0 iM gM (z)
−1

−1
.
In the above equation, g˜e(h)(z)
−1 = ω ∓ ε˜d + iΓ˜
and g˜M (z)
−1 = ω+ i0+ where Γ˜ = 12 [Γ˜
L + Γ˜R] with
Γ˜α = 2pi
∑
k |V˜αk|2δ(ω−εαk). Following the Keldysh
equation for the Green’s functions, i.e., G˜
<(>)
d =
G˜Rd Σ˜
<(>)G˜Ad with Σ˜
<
e(h) = i[Γ˜
LfLe(h)(ω)+Γ˜
RfRe(h)(ω)]
and Σ˜>e(h) = i{Γ˜L[fLe(h)(ω) − 1] + Γ˜R[fRe(h)(ω) − 1]},
one can obtain the dressed greater and lesser Green’s
functions:
G˜
<(>)
d = |G˜Rd,ee|2Σ˜<(>)e + |G˜Rd,eh|2Σ˜<(>)h . (11)
For the case of MZM, i.e., M = 0, the Green func-
tion matrix will be simplified. And then, G˜Rd,ee and
G˜Rd,eh can be analytically expressed in the following
way:
G˜Rd,ee =
ω(ω + ε˜d + iΓ˜)− |λ˜|2
ω(ω − ε˜d + iΓ˜)(ω + ε˜d + iΓ˜)− 2|λ˜|2(ω + iΓ˜)
,
G˜Rd,eh =
−|λ˜|2
ω(ω − ε˜d + iΓ˜)(ω + ε˜d + iΓ˜)− 2|λ˜|2(ω + iΓ˜)
.(12)
Based on these results, the influence of e-ph inter-
action on the MZM-assisted transport behaviors can
be well evaluated, by writing out the current expres-
sion:
J =
e
2h
∞∑
l=−∞
LlΓ
∫
dω[fLe (ω)− fRe (ω)]×
{%˜(ω + lω0)[Γ˜LfLe (ω + lω0) + Γ˜RfRe (ω + lω0)]
− %˜(ω − lω0)[Γ˜LfLe (ω − lω0) + Γ˜RfRe (ω − lω0)]
+ [|G˜Rd,ee(ω − lω0)|2 + |G˜Rd,eh(ω + lω0)|2](Γ˜L + Γ˜R)},
with %˜(ω) = |G˜Rd,ee(ω)|2−|G˜Rd,eh(ω)|2. In the case of
symmetric QD-lead coupling with Γ˜α = Γ˜, it will be
4simplified as
J =
e
2h
∞∑
l=−∞
LlΓΓ˜
∫
dω[fLe (ω)− fRe (ω)]×
{%˜(ω + lω0)[fLe (ω + lω0) + fRe (ω + lω0)]
+ %˜(ω − lω0)[2− fLe (ω − lω0)− fRe (ω − lω0)]
+ 2[|G˜Rd,eh(ω − lω0)|2 + |G˜Rd,eh(ω + lω0)|2]}.(13)
In this work, we would like to discuss the in-
fluence of e-ph interaction in two cases, i.e., zero
and nonzero temperatures, respectively. Accord-
ingly, the zero-temperature differential conductance
can be expressed as
G = e
2
4h
∞∑
l=0
LlΓΓ˜{θ(eVb − lω0)[%˜(µL) + %˜(µR)
+ %˜(µL − lω0) + %˜(µR + lω0)] + θ(−eVb − lω0)
[%˜(µL) + %˜(µR) + %˜(µL + lω0) + %˜(µR − lω0)]
+ 2[|G˜Rd,eh(µL − lω0)|2 + |G˜Rd,eh(µL + lω0)|2
+ |G˜Rd,eh(µR − lω0)|2 + |G˜Rd,eh(µR + lω0)|2]},(14)
because the Fermi distribution function is reduced
to the step function in this case. Alternatively, in
the case of finite temperature, the differential con-
ductance will transform into
G = βe
2
4h
∞∑
l=−∞
LlΓΓ˜
∫
dω[Al(ω)%˜(ω − lω0)
+2B(ω)|G˜Rd,eh(ω − lω0)|2], (15)
after employing the relationship that L−l =
e−lβω0Ll and ∂f
L(R)
e
∂Vb
= ± e2βfL(R)e [1−fL(R)e ]. In this
formula,
Al(ω) = {fLe (ω)[1− fLe (ω)] + fRe (ω)[1− fRe (ω)]} ·
{2 + [e−lβω0 − 1][fLe (ω − lω0) + fRe (ω − lω0)]}
+[e−lβω0 − 1][fLe (ω)− fRe (ω)] · {fLe (ω − lω0)
[1− fLe (ω − lω0)]− fRe (ω − lω0)[1− fRe (ω − lω0)]},
Bl(ω) = {fLe (ω)[1− fLe (ω)] + fRe (ω)[1− fRe (ω)]} ·
[e−lβω0 + 1].
NUMERICAL RESULTS AND DISCUSSIONS
Based on the theory in Sec. II, we next con-
tinue to calculate the electron transport properties
in our considered structure, in which the QD, suffer-
ing from the e-ph interaction, is assumed to couple
laterally to one MZM. In comparison with the cur-
rent through the system, the conductance spectrum
is more suitable to describe the transport character-
istics, so we only present the differential conductance
results in the context. In this work, we would like
FIG. 2: Spectra of the differential conductance of the
single-QD system. (a) Influence of e-ph interaction on
the differential conductance in the absence side-coupled
MZM. (b) Conductance spectrum modified by the QD-
MZM coupling without e-ph interaction. (c)-(d) Differ-
ential conductance with the interplay between the e-ph
interaction and QD-MZM coupling.
to evaluate the influence of e-ph interaction, by con-
sidering the cases of zero and finite temperatures,
respectively. The phonon frequency ω0 is taken to
be the energy unit in the context[53, 54].
Results of zero-temperature limit
In Figs.2-4, we pay attention to the differential
conductance spectra in the limit of zero tempera-
ture. It is known that in this case, the phonon emis-
sion is main mechanism for the e-ph interaction[54].
Fig.2 shows the differential conductance results
when the QD level is fixed at εd = 0. In order
to present the influence of e-ph interaction on the
MZM-assisted transport in the QD system, we would
like to first investigate the conductance spectra by
ignoring the QD-MZM coupling and e-ph interac-
tion, respectively. The MZM-absent conductance
spectrum is shown in Fig.2(a), and the result with-
out e-ph interaction is shown in Fig.2(b). It can
be found in Fig.2(a) that the e-ph interaction modi-
fies the differential conductance spectrum in two as-
pects. Namely, it does not only lead to the splitting
of the zero-bias conductance peak but also causes
new subpeaks to emerge in the nonzero-bias region.
With the increase of e-ph interaction strength, the
splitting of conductance peaks is enhanced, mean-
while, the conductance peaks shift to the high-bias
direction. These results are not difficult to explain.
The e-ph interaction enables to shift of QD level, as
5shown in Sec.II. Besides, it should be noticed that
at the case of zero temperature, the other effect of
e-ph interaction is to cause an electron to emit a
phonon when it tunnels through the QD structure.
On the other hand, we plot the MZM-assisted con-
ductance spectrum in Fig.2(b), by taking the e-ph
interaction out of account. It shows that the increase
of QD-MZM coupling also leads to the splitting of
the conductance peak, and the distances between the
neighboring peaks are proportional to the QD-MZM
coupling. The reason is due to that in the presence of
side-coupled MZM, the conductance peaks are con-
sistent with the eigenlevels of the QD molecule in the
Nambu representation, which are e1 = −
√
ε2d + 2λ
2,
e2 = 0, and e3 =
√
ε2d + 2λ
2. According to the re-
sults in Eq.(12), we can easily know that the value
of the zero-bias peak is equal to 12 (in unit of
e2
h ).
Next, we turn to the investigation about the dif-
ferential conductance properties when the MZM-
assisted transport suffers from the e-ph interaction
in the QD region. Fig.2(c) takes the case of λ = 0.6
to show the effect of e-ph interaction. It can be found
that when the e-ph interaction strength is weaker
than the QD-MZM coupling, the conductance peaks
are basically independent of its increment, though
new subpeaks appear in the higher-bias region. Fol-
lowing the further increase of e-ph interaction, the
zero-bias peak is narrowed to a great degree, whereas
the peaks beside it are enhanced obviously, accompa-
nied by their shift to the high-bias direction. What
is notable is that the magnitude of the zero-bias con-
ductance peak seems to be irrelevant to the existence
of e-ph interaction. For comparison, we next fix the
e-ph interaction and increase the QD-MZM coupling
to observe the change of differential conductance, as
shown in Fig.2(d). In this figure, one can find the
complicated change manner of the differential con-
ductance. Firstly, the magnitude of the zero-bias
conductance peak undergoes two change processes.
When λ increases to 0.8, the zero-bias conductance
peak exhibits its weak increase. Instead, the further
increase of λ only suppresses the conductance magni-
tude at the zero-bias limit. Thus, the zero-bias con-
ductance peak of the MZM-assisted transport can
be modified by the e-ph interaction. Such a modi-
fication depends on the interplay between the QD-
MZM coupling and e-ph interaction strength. For
the conductance peaks in the nonzero-bias regions,
they show two maxima with the increase of λ, which
appear at the points λ = 0.4 and λ = 0.8, respec-
tively. Accompanied by this, the distance between
these two peaks are increased. In addition, one can
see that new subpeaks appear around the points of
eVb = ±2.0, induced by the increase of QD-MZM
coupling. They are eliminated when λ > 0.6.
QD is characterized by the tunability of its level
by applying one gate voltage. In view of this fact,
we would like to adjust the QD level to study the
FIG. 3: Effects of shifting the QD level on the differential
conductance of our considered system, when the side-
coupled MZM and e-p interaction coexist. In (a)-(c),
the e-p interaction strength and QD-MZM coupling are
considered to be γ = 0.6 and λ = 0.6, γ = 0.8 and
λ = 0.6, γ = 0.6 and λ = 0.8, respectively.
change of the differential conductances. The numer-
ical results are shown in Fig.3. In Fig.3(a), the e-ph
interaction and QD-MZM coupling are taken to be
γ = λ = 0.6. It can be seen that when the QD
level decreases from its zero value, the conductance
peaks in the finite-bias region experience apparent
repulsive shift. Meanwhile, the zero-bias conduc-
tance peak is narrowed very much. On the other
hand, if the QD level increases from εd = 0.0 to
1.0, both the peak width and inter-peak distance
change in the non-monotonous way. In the case of
εd = 0.5, the inter-peak distance becomes narrow
and the zero-bias peak is widened. For the result of
εd = 1.0, the changes of the finite-bias peaks are also
manifested as the enlargement of their distance and
magnitude. In Fig.3(b), we plot the conductance
spectra of γ = 0.8 and λ = 0.6. In this case, the con-
ductance peaks are modified obviously, in compari-
son with Fig.3(a), due to the enhancement of e-ph
interaction. For instance, when εd = 0.5, new sub-
peaks appear in the vicinity of zero-bias point. The
similarity of this two figures lies in the little change
of the magnitude of the zero-bias peak. Next, the
e-ph interaction is assumed to be strengthened with
γ = 0.8 to focus on the variation of the differential
6conductance, as shown in Fig.3(c). It indeed shows
that in such a case, the value of the zero-bias peak
almost reaches 0.6 even when εd = 0. If the QD level
is tuned to εd = 0.5, the conductance spectrum ex-
hibits only a little change. Nevertheless in the other
cases, the magnitude of the zero-bias conductance
decreases to 12 approximately. Therefore, we know
that the e-ph interaction enables to modify the zero-
bias conductance peak, including its magnitude and
width.
FIG. 4: Results of differential conductance of our consid-
ered structure at the zero-bias limit. (a)-(b) Influences
of QD level and e-ph coupling strength in the case of
γ = 0.6. (c)-(d) Influences of shifting the QD level by
taking the QD-MZM coupling to be λ = 0.6.
In order to further discuss the influence of the e-ph
interaction, we attempt to pay attention to the zero-
bias conductance spectra in Fig.4. From this figure,
one can clearly find the influence of e-ph interaction
on the magnitude of the zero-bias conductance. It
is certain that in the presence of e-ph interaction,
the zero-bias conductance has opportunities to be
greater than 12 . In Fig.4(a)-(b), we take γ = 0.6
and change the QD level and QD-MZM coupling,
respectively. The result in Fig.4(a) shows that two
additional peaks emerge in the conductance spec-
trum, due to presence of e-ph interaction. And the
peaks are tightly related to the QD-MZM coupling.
To be specific, as λ increases to 0.6, the two ad-
ditional peaks become apparent in the conductance
curve, whereas the following increase of λ can en-
hance these two peaks and narrows their distance.
If the QD-MZM coupling is much stronger than
the e-ph interaction, e.g., λ = 1.0, the two peaks
emerge into one, with the suppression of its magni-
tude. Note, also, that the e-ph interaction causes
the electron-hole symmetry point to shift to the po-
sition of εd =
γ2
ω0
, so the symmetry point of the two
peaks departs from the energy zero point. Next, as
shown in Fig.4(b), even in the case of εd = 0, the en-
hancement of QD-MZM coupling is able to raise the
zero-bias conductance peak until λ = 0.8. The de-
parture of the QD level to εd = 0.5 can magnify the
influence of e-ph interaction. Namely, it allows the
zero-bias conductance reaches its maximum, about
equal to 0.7. Next, in Fig.4(c)-(d) we present the
conductance spectra influenced by considering the
increase of e-ph interaction. As shown in Fig.4(c),
the increase of e-ph interaction enhances the con-
ductance magnitude and enlarges the distance of the
two peaks until γ = 0.6. Instead when γ further in-
creases, the conductance peaks shift seriously to the
positive-energy direction, but they are suppressed in
this process. With respect to the result in Fig.4(d),
it shows that when εd = 0, the e-ph interaction
induces the non-monotonous change. The conduc-
tance magnitude first increases slowly until γ = 0.7,
and then undergoes the rapid increase, with the ap-
pearance of its peak at the case of γ = 0.9. When
the QD level departs from its zero value, the con-
ductance peak appears in the weaker e-p interaction
case.
With the help of the results above, we can clarify
the effects of e-ph interaction on the conductance
property of the single-QD system at the case of zero
temperature. Namely, it enables to induce the in-
crease of the zero-bias conductance magnitude. This
result is completely different from the effect of e-
ph interaction in the other systems. The underly-
ing reason should be attributed to the modification
of the MZM’s influence on the quantum transport
through this system, due to the presence of e-ph in-
teraction.
Finite-temperature case
Following the results in the case of zero temper-
ature, we continue to pay attention to the conduc-
tance properties in the finite-temperature case. In
this case, the phonon emission and phonon absorp-
tion are both active, which certainly exhibit the de-
coherence effect.
Firstly, we would like to investigate the conduc-
tance variation feature at the zero-bias limit, by in-
creasing the system’s temperature. The correspond-
ing results are shown in Fig.5. For presenting the in-
fluence of e-ph interaction on the MZM-assisted con-
ductance properties, we plot Fig.5(a)where γ = 0,
Fig.5(b) where λ = 0, and Fig.5(c) with γ 6= 0
and λ 6= 0, respectively. As shown in Fig.5(a),
the conductance value is equal to 0.5 at the zero-
temperature limit, in the absence of e-ph interaction.
With the increase of temperature, the conductance
magnitude decreases gradually, which is caused by
the decoherence effect of temperature. In Fig.5(b),
7FIG. 5: Zero-bias conductance with the increase of tem-
perature. (a) Results in the absence of e-ph interaction.
(b) Conductance without the QD-MZM coupling. (c)
Conductance spectra due to the coexistence of e-ph and
QD-MZM couplings.
it can be found that for the case of single-electron
tunneling, the conductance magnitude can be seri-
ously suppressed by the increase of e-ph interaction.
This indicates that the e-ph interaction mainly takes
its destructive effect on the coherent transport, in
the case of finite temperature. Due to this reason,
the conductance suppression becomes more notable,
with the increase of e-ph interaction. Next Fig.5(c)
shows the results of e-ph interaction in the presence
of QD-MZM coupling. One can see that in the pres-
ence of QD-MZM coupling, the e-ph interaction en-
ables to weaken the electron transport. However,
the effect is different from the case of λ = 0. At the
low-temperature limit, the conductance magnitude
does not exhibit substantial decrease in the case of
finite e-ph interaction. Based on these results, we
can obtain an elementary idea about the effect of e-p
interaction on the MZM-assisted transport through
the QD system, in the finite-temperature case.
In Fig.6, we continue presenting the influences of
e-ph interaction on the zero-bias conductance, by
taking the system temperature to be kBT = 0.05.
Fig.6(a)-(b) describe the results that the QD-MZM
coupling is fixed at λ = 0.6, with the adjustment of
the QD level and e-ph interaction, respectively. It
can be found in Fig.6(a) that even in the case of weak
FIG. 6: Zero-bias conductance in the finite-temperature
case with kBT = 0.05. (a)-(b) Conductances curves of
tuning QD level and QD-MZM coupling, by taking e-
ph coupling strength to be λ = 0.6. (c)-(d) Results of
γ = 0.6, when the QD level and QD-MZM coupling are
changed.
e-ph interaction, the conductance spectrum exhibits
a Lorentian lineshape with the shift of QD level,
and the conductance peak appears near the point
of εd = 0 with its value less than 0.5. Once the e-
ph interaction is enhanced, the conductance peak is
suppressed and narrowed gradually, accompanied by
its shift to the high-energy direction. This is caused
by the renormalization of the QD level and QD-lead
coupling due to the e-ph interaction. The results in
Fig.6(b) also show the obvious effect of e-ph inter-
action on the zero-bias conductance. Namely, it is
mainly to weaken the conductance magnitude, fol-
lowing the increase of e-ph interaction strength γ.
The anomalous result of εd = 1.0 can be explained
like this. In such a case, the effective QD level has
an opportunity to get close to the zero-energy point
when one phonon is emitted. And then, the zero-
bias transport is less dependent on the enhancement
of e-ph interaction. Next, we take γ = 0.6 and plot
the conductance spectra by increasing the QD-MZM
coupling, as shown in Fig.6(c)-(d). One can find in
Fig.6(c) that since the e-ph interaction is fixed, the
QD-MZM coupling cannot move the position of the
conductance peak. Instead, only its magnitude and
width can be changed. In the case of λ < γ, the
increase of QD-MZM coupling can suppress the con-
ductance peak, accompanied by the widening of it.
Nevertheless, the conductance peak can be improved
by the increment of QD-MZM coupling. Next, for
the role of QD-MZM coupling, we can see in Fig.6(d)
that it tends to modify the decoherence effect of e-ph
interaction. In the case of εd = 0.5, an alternative
8FIG. 7: Differential conductance influenced by the in-
crease of temperature. In (a)-(c), the e-ph interaction
strength and QD-MZM coupling are considered to be
γ = 0.6 and λ = 0.6, γ = 0.8 and λ = 0.6, γ = 0.6 and
λ = 0.8, respectively.
result comes into being. This should be attributed
to the non-monotonous change of the conductance
peak, as shown in Fig.6(c). All these results further
prove the destructive effect of e-ph interaction on
the QD-assisted transport behavior.
Next, Fig.7 shows the differential conductance
spectra by increasing the bias voltage between the
two leads. In Fig.7(a)-(c), the e-ph interaction and
QD-MZM coupling are taken to be γ = 0.6 and
λ = 0.6, γ = 0.8 and λ = 0.6, γ = 0.6 and λ = 0.8,
respectively. From these three figures, we can see the
suppression of the conductance magnitude with the
increment of temperature, arising from the weaken-
ing of quantum coherence in this process. In addi-
tion, the interplay between the e-ph interaction and
QD-MZM coupling can be clearly observed. For the
stronger e-ph interaction, its-induced sub-peaks be-
comes more apparent. Meanwhile, the conductance
peak at the low-bias limit is narrowed. As a re-
sult, the decoherence effect of temperature increase
is relatively distinct, manifested as the serious sup-
pression of the conductance peak. However, the QD-
MZM coupling plays an alternative role in affecting
the conductance spectrum. Interpretively, the low-
bias conductance peak is wider, and the decoher-
ence effect of temperature is weak in comparison, as
shown in Fig.7(c).
Up to now, one can know that at the finite-
temperature case, the role of e-ph interaction is
mainly to suppress the conductance magnitude of
the QD system with a side-coupled MZM, since the
co-existence of the phonon emission and absorption
in the electron transport process.
SUMMARY
In summary, we have preformed researches about
the influences of the e-ph interaction on the trans-
port properties in one QD system with a side-
coupled MZM. As a result, it has been found that
at the zero-temperature limit, the zero-bias conduc-
tance value (i.e., e
2
2h ) can be magnified to some ex-
tent, when the e-ph interaction is taken into account.
This is manifested as the appearance of additional
peaks of the zero-bias conductance. Such a phe-
nomenon is dependent on the interplay between the
e-ph interaction and QD-MZM coupling. Thus, the
e-ph interaction contributes more to the MZM’s in-
fluence on the quantum transport, but does not only
take its decoherence effect to suppress the conduc-
tance magnitude. Alternatively, in the case of finite
temperature, the e-ph interaction plays its role for
the suppression of the magnitude of zero-bias con-
ductance, but the suppression manner weaker than
the case of single-electron tunneling without MZM.
Therefore, one can be sure that the e-ph interaction
play, we believe that this work can be helpful for
further understanding the signature of the MZM in
electron transport through mesoscopic circuits.
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